-e 1. Introduction In this paper we shall consider a multi-item inventory problem with unspecified single-item unit costs. Rather than examining a single cost function, we shall deal with an approach which incorporates aggregate objectives and constraints. The objectives are low investment, low total costs and high service-level. The constraints are storage room capacity and available workload for handling the orders. These capacities might be increased or decreased in certain fixed quantities; such changes in workload and storage room incur costs which are independent of whether or not these capacities are used to their full extent. The objectives are conflicting and in many real world problems there seems to be no single cost function for determining an optimal decision. This is due to the fact that there is no decision unity; instead, there are different departments, different managers and differing interests involved. How much the company should invest in inventory and what service level should be required cannot be determined simply by. evaluating a single cost function, but is rather a result of intensive discussions. What operations research can offer is a description of the relationship between investment and service-level; i.e., for a certain investment we are able to maximize the service-level under the constraints of storage room and workload. Furthermore we might study the effect upon an alteration of the constraints. This enables the management to find an "appropriate" decision weighing the different interests ascertaining that there is no solution with lower total costs and higher service-level.
Despite the enormous number of papers on inventory models there are only a few articles concerning this important problem. Most papers start --2-by assuming that marginal holding, shortage and ordering costs are given.
But marginal ordering costs are difficult to measure. Most suggested approaches for determining ordering costs in the accounting literature result in average rather than marginal costs [15] . In practice there is usually a certain workload available which might be increased in fixed quantities. Assigning average order costs therefore does not solve this particular inventory problem. Holding costs should be composed not only of the cost for capital but also of marginal costs taking into consideration a storage room restriction. The use of shortage costs in inventory theory has not been adopted by most practitioners [2] since there is no basis for their measurement in accounting methodology [15] .
Only a few authors deal with an aggregate inventory problem as described above.
Starr and Miller [13] have considered an "optimal policy curve!' for deterministic demand. Schrady and Choe [11] considered a continuous review inventory system with constraints. Gardner and Dannenbring [3] extended Starr's and Miller's approach by considering a continuous review stochastic model. They presented a method that avoids cost measurement problems and incorporates aggregate objectives and constraints. They describe a procedure for obtaining an optimal policy surface, the axes of which are measured in aggregate terms: the percentage of inventory shortages, as a measure of customer service; the workload in terms of the number of annual stock replenishment orders; and total investment, the sum of cycle and safety stocks. Aggregate inventory decisions are defined as the selection of a combination of the three variables. This model obviously reflects the true decision problem in practice much better than a single-item cost model. In fact data simulation is frequently employed in practice to solve decision problems described above.
·e -3-
Unfortunately the underlying inventory model, considered by Gardner and Dannenbring, has some disadvantages which makes it inapplicable in many situations. Most of the inventory systems installed in practice have periodic review and not continuous review [5] . It has been shown that, given a certain inventory policy, the service-level turns out to be very different in a periodic and in a continuous review system [9] . Furthermore we should be aware that there are different definitions of servicelevels [10] , which result in very different ordering policies.
In the present paper a similar approach to that of Gardner and Dannenbring is used. But there are some essential differences. First, a periodic review multi-item inventory model -rs considered. Second, we consider only two objectives, investment and service-level, subject to workload and storage room .restrictions. It seems to be more realistic to begin with a given workload and storage room, which can be expanded in fixed quantities, rather than to assume that workload and storage room are continuous variables. Furthermore an overall cost evaluation is considered including costs of investment, storage room and workload.
An interactive algorithm is presented which allows the selection of a combination of service-level, investment, workload and storage room which is "appropriate"for the management. This method produces combinations which lie on an optimal surface. Since in our method there are some approximations involved, we shall prove the validity of the approximation formulas by means of a Monte Carlo study in the final section. Furthermore. it is assumed that demand which cannot be immediately satisfied is backordered. We discuss a stationary inventory model and thus it is sufficient to consider a single period inventory model~here the distribution of~t is the stationary distribution 1jJ(x) [6) . We will also assume that a service level y • which is defined as e- Notice that this definition of a service level is equivalent to assigning shortage costs which are dependent on the amount of items short and the length of time the shortage lasts. A formal proof is given in [9) . This ·e -5-type of shortage cost is considered by most authors [4] . [11] . [14] .
In what follows we consider two objectives: 04: minimize total costs involving cost for workload. cost for invested capital, and cost for holding a storage room.°5
: maximize service level y
Both sets of objectives should be available for a decision process for selecting an "appropriate" solution.
--6-
We shall now formally define our objectives and constraints. It is well known that when given a single item inventory model of the type described above an (s,S) policy is optimal [6] . We will thus consider (sk,Sk) 
Considering a single item the expected values can be derived by [9] .
·e where (see [9] ) M(-) and m(-)
. 0 . are thus able to simplify the expressions (5) to (7) , an approach which was introduced by Robert.s [8 ] ~Following these principles we derive the simplified expected values
+ -
y(s ,5 ) • 1-
The expression (8) is derived in the appendix; (9) is a well-known limiting theorem of the renewal function M(D) [12] and (10) was derived in [9] .
Since the constraint (4) will always be active we can solve this optimization problem using the Lagrange method. Let
A straightforward application of the Lagrange methQd yields
and (13) The reorder points sk can now be calculated in a second step for various service levels y. We determine sk by equation (10) .
The cycle plus safety stock for product kand fixed service-level is then (14) and thus the total investment is and the expected total storage room is which are both functions of the service level y. The· latter value is now compared with the storage room capacity. The service level can be increased as long as the storage room constraint is not active. We obtain a diagram which shows the investment versus service-level y; this diagram will end at y' which marks the maximum service-level at which the storage room constraint becomes active. In addition a diagram which gives the total costs (for investment plus fixed costs for the storage room capacity plus fixed costs for the.workload capacity) versus service-level can be presented (see figures 2 and 3). In contrast to the unit single item costs these fixed costs are easy to determine. These diagrams are the basics for selecting an "appropriate" service-level and investment by the management. The steps for obtaining the diagrams are summarized in the following algorithm.
--10- 
Example
In this subsection we shall consider an example with only 100 items to describe the algorithm. In practice the service-level of items varies from product to product. Some products, for example, are more vital than others. Usually, however, one is able to classify the items and put them into certain groups which have the same service-level requirements.
We thus define m groups such that let n j be the number of products in subgroup j then
which yields to the restriction. The total costs are presented in the next diagram. The total costs are the sum of the costs for storage room, workload and invested capital.
-14- 
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Servico level
We see that a reduction of workload (curve III) results in a lower available service-level while an increase allows a higher service-level than 79.5%. This is caused by a change of the cycle stock, which decreases (curve III) or increases (curve II) the available storage room for safety stock.
Diagram 5 gives the total costs for the alternatives. 
e·
Service level
We notice that service-levels lower than 70% can be reached by a lower workload than available at the beginning and thus by lower total costs.
The opposite holds if a higher service-level than 79,. 5%i9 desired. Such service-levels can only be reached with higher total costs.
Secondly. the storage room capacity is altered. For the initial situation, i.e. a workload which allows 22 orders, we increased and decreased the storage room by 10,000 units. We obtain the invested capital versus service-level as shown in figure 6. ..
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Since the workload restriction is fixed. the cycle stock is constant and only the safety stock increases. which results in a curve ending at a service-level of 82.5%. Figure 7 gives the total costs of the three alternatives.
- Altogether we have 9 alternatives; the maximum service-levels and total costs of these service levels are presented in Table 1 . The four minimal cost combinations are presented in Table 2 ; figure 8 gives the minimal total costs versus service-level. Table 2 shows that for our example a maximum service-level of 73.5% can be reached by the combination of workload (22) and storage room (50,000). A service-level of 79.2% can be reached by increasing the workload capacity to (26). If a higher service-level than 79.5% is required we increase the storage room capacity. The total costs can be obtained from figure 8. We notice that with the selection of a certain point on one of the curves presented above we determined the optimal inventory policy as wellĩ .e. the set {sk,Sk}.
Validation of the Model by Monte Carlo Simulation
The purpose of the simulation prOVided in this section is twofold.
First. we want to use the simulation results to test the accuracy of the approximation formulas derived in section 2_~Second. we investigate the variance of the various measures of system performance such as handling used. inventory on hand. invested capital over the periods. Since the restrictions are met by expected values. we have to be careful that the variance is not too large.
We have performed 6 simulations for different demand structures, 1.e. c -0.2. 0.4. 0.6. 0.8. 1.2. 1.6. For c~O.S a normal distribution was used; otherwise the gamma distribution was found to be appropriate [9] .
Notice that for increasing c the demand becomes very erratic. The simulations were run for workload WL -22 and service level y -'0.82. The theoretic results for inventory on hand and invested capital are given in Table 3 .
-. . Table 4 gives the simulation results with 1000 periods and 50 repetitions.
'_ t.% is percentage of deviation fro-theoretic value
The mean values of inventory and invested capital are about 2% higher than the expected values. The mean workload meets the constraint for normal demand, while for sporadic demand c > 0.5 the actual mean workload tends to be lower than the constraint. The service-level y is as expected if the demand is normal. For sporadic demand the actual service-level is higher than the theoretical value. Tables 5 and 6 give the service-levels in the 5 groups for c • 0.2 and c • 1.6, respectively. The expected value as a measure of performance might not be satisfactory alone. In some periods the actual values fall below the restrictions; in other periods above. But if the variance is not too high this is acceptable. We therefore will present the standard deviation of the actual inventory on hand, invested capital and handling in a single period.
-..
-23-We would expect that as demand becomes more erratic the fluctuation of the mentioned variables increases and thus results in a higher standard deviation. But as we see from Table 7 , while the standard deviation of demand increases from 0.2~to 1.6~, the standard deviation of the inventory on hand in a single period increases only from 0.1 x inventory on hand to 0.75 x inventory on hand. To obtain a more precise picture of the actual performance of the inventory system under consideration we studied the frequencies of inventory and handling. Table 8 gives the frequency of inventory on hand in a single period measured in terms of deviation from the theoretical expected value.
c.
-24- We see that for normal demand we obtain cycles of high inventory and a high number of orders. This is due to the relatively high deterministic part of normal demand. It is obvious that during every 4th and 5th period a high number of orders arrives. If demand is sporadic there is no significant correlation between the number of orders in different periods.
The inventory is highly autocorrelated as one would expect for sporadic demand since there is no demand in most periods. But we also notice that no cycles appear if demand is sporadic.
We might conclude from our simulation study that the performance of the inventory system was close to that predicted by the theoretical model. - 
---------------------------------------------------------------:
,I -. . . . . The second term of (A2) is asymptotically given (see [9] ) by
---------------------------------------------------------------
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